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Abstract—When an initially homogeneous suspension consisting of two species of spherical particles
(with differing size and/or density) suspended in a fluid (i.. a bidisperse suspension) is allowed to sediment
it is known that variations in the concentrations of the particles spontaneously occur due to some
instability. Vertical columns containing one or the other species of particle are formed, with the resulting
induced motion causing augmented particle sedimentation rates. A theory is developed here which
explains the instability and column formation in terms of macroscopic equations derived by considering
the effect of two-particle collisions which are assumed to involve some non-hydrodynamic process (such
as physical contact) between the particles. Based on the derived macroscopic equations, conditions for
instability of the suspension are obtained. These results are then compared with existing experiments
and theory.
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1. INTRODUCTION

Whitmore (1955) noted that in a monodisperse suspension of sedimenting small solid spherical
particles the settling speed would be increased by adding neutrally buoyant particles to the
suspension. This observation was explained as being the consequence of structure formation in the
suspension in which the sedimenting heavier particles would gather together to form vertical
columns which, being more dense on the average than the surrounding suspension, would set up
convection currents causing the heavier particles to settle more rapidly. This structure formation
was further investigated by Weiland and co-workers (Weiland & McPherson 1979; Fessas &
Weiland 1981, 1982, 1984; Weiland et al. 1984) for more general bidisperse suspensions of spheres
(i.e. suspensions in a liquid of two species of spherical particles which differ from each other in
either size and/or density). They found again structure formation in which each species of particle
would gather together and form vertical columns. Experiments performed by Batchelor & Janse
van Rensburg (1986) have indicated that initially the instability of the suspension seems to produce
“blobs” of each species of sphere which grow in size and then under some circumstances (but not
always) develop into vertical streaming columns.

In the present paper a theory is developed which gives a possible explanation for the
initial instability and the column formation in a sedimenting bidisperse suspension. This is
done by considering the horizontal displacement of particles due to two-particle collisions in
which some non-hydrodynamic effect (such as particle~particle contact of the colliding particles)
is taken into account (sections 3 and 4). By considering a situation in which the particle
concentrations and also the velocity of the suspension (which is assumed to be vertical) vary
in only one horizontal direction, the probability distribution of horizontal particle displace-
ments is found in section S. This is then used in section 6 to obtain equations for the macro-
scopic behaviour of the sedimenting bidisperse suspension. These results are further investigated
and given physical interpretation in section 7. The conditions for instability of an initially
homogeneous sedimenting bidisperse suspension are then obtained in section 8. The conclusion
(section 9) gives a comparison between the present theory for bidisperse suspension instability
(in which horizontal variations of particle concentration are considered) and the theory given
by Batchelor & Janse van Rensburg (1986) (in which vertical variations of particle concentration
are considered).
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2. PROBLEM CONSIDERED

A bidisperse suspension consists of a Newtonian fluid of viscosity u and density p in which two
distinct species of monodisperse particles are suspended. These two species of particle will be
labelied 1 and 2, with particle species 1 being uniform spheres of radius @, and density p, and
particle species 2 being uniform spheres of radius a, and density p,. Assuming that the sizes of the
particles are sufficiently small that all relevant Reynolds numbers are so small that fluid inertia
effects may be neglected and also that the particle sizes are sufficiently large for Brownian motion
to be negligible, we obtain the downward sedimentation velocities ¥, and V, of isolated particles
of species 1 and 2 as
_Api—pgat oy, Ao plga 0

u u
by balancing the Stoke’s drag with the gravity and buoyancy forces on a particle.

It will be assumed that the particle sizes and the mean distance between neighbouring particles
are extremely small compared to some macroscopic experimental length scale L so that the
suspension may be considered as a continuum with well-defined volume concentrations ¢, and c,
of particles 1 and 2 which vary with position with this length scale L. Then ¢, and ¢, are related
to the numbers #n, and n, per unit volume of spheres 1 and 2 by

4
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and ¢, = 3

(2]

so that the total number of particles N per unit volume is

3 /¢ o
N=2"(24+2)
4n<a?+a§> [3]

The above conditions may therefore be written as

%<1, %« [4]

i (5) e, (5> 1. (5]
a, a,

On the macroscopic length scale L the suspension may possess a macroscopic velocity U which
may be a gravitationally driven flow resulting from mean density variations of the suspension on
the macroscopic scale or may be externally imposed (by, for example, moving boundaries).

We avoid problems concerning the complex nature of particle motion in a concentrated
suspension by assuming that the concentrations ¢, and ¢, are small, i.e.

and

<1 and ¢, <. (6]

Then the total solids concentration ¢ = ¢, + ¢, is also very small,

We now define a set of dimensional cartesian axes x,, x,, x; with arbitrary origin and with the
x,-axis vertically downwards. In order to examine motion on the macroscopic scale it is convenient
to define a macroscopic dimensionless position vector ¥ = (%, £,, X;), where

. X ) o

==, %=, X=—. 7]

1 L 2 L 3 L [

By investigating particle motion on the microscopic scale we will derive equations which determine
the macroscopic quantities c,, ¢, and U. Since the general three-dimensional problem is still
complex (despite the above assumptions [4]-[6]), we assume that U is in the vertical direction and
that ¢,, ¢, and U vary only in the horizontal x,-direction on the macroscopic length scale L. Thus
we write

a=c(%), =c(%) and U/U,=(0,0, (7(x~1 », (8]
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where U, is the characteristic magnitude of the velocity field U. The quantity U(%,) is therefore
dimensionless and of order unity in magnitude. The concentrations and flow given by [8] have
approximately the form required to represent the vertical fingers observed by Weiland er al. (1984)
in their experiments.

3. TWO-PARTICLE COLLISIONS

Since at low concentrations, the number of two-particle collisions occurring at any instant is very
much larger than the number of collisions involving three particles (the former being proportional
to the concentration and the latter to the square of the concentration), we expect the effect of
two-particle collisions to dominate.

Consider the hydrodynamic interaction between a sphere of species 1 and a sphere of
species 2 resulting from their sedimentation in an undisturbed fluid flow U of the form [8]. The
fluid velocity u and dynamic pressure p in the neighbourhood of the spheres satisfy the creeping
flow equations

uVu—Vp=0, V-u=90 [9]

with the no-slip boundary condition on the sphere surfaces.

The velocity and angular velocity of the spheres are then determined by the requirements that
the hydrodynamic force on spheres 1 and 2 be F, = (4n/3)(p, — p)ga’ and F, = (4n/3)(p, — p)ga3,
respectively, upwards and that the hydrodynamic torque on each sphere about its centre be
zero. Suppose that at some instant during the interaction the spheres have the positions shown in
figure la, the velocity of the centre of sphere 1 is (v, v,, ;) relative to a stationary observer.
If all velocities are reversed, then by making use of the linearity of [9], it is seen that we have the
situation shown in figure 1b. A reflection of the system in the x, x,-plane then yields the situation
of figure 1c. Thus, a change in sphere configuration from that in figure 1a to that in figure 1¢ causes
the velocity of the centre of sphere 1 to change from (v, v,, v;) to (—v,, —v,, v3). It is therefore
seen that the orbit of the centre of sphere 1 relative to a stationary observer is its own mirror image
about the x, x,-plane at the level where the line joining the sphere centres becomes horizontal during
the interaction (see figure 2). It therefore follows that the x, and x, coordinates of the centre of
sphere 1 after the interaction are identical to their values before the interaction. In other words,
sphere 1 is not displaced horizontally by its interaction with sphere 2. Similarly, sphere 2 is also
not displaced horizontally by the interaction (see figure 2). In a similar manner it is seen that spheres
are not displaced horizontally during other types of two-particle collisions (between sphere 1 and
sphere 1 or sphere 2 and sphere 2). Thus, it follows that there can be no horizontal flux of spheres
1 or of spheres 2 in a suspension in which interactions between the spheres are purely hydrodynamic
and the effects of only two-particle collisions are taken into account. Since the phenomenon
observed by Weiland ez al. (1984) involves horizontal fluxes of the two species of spheres, it cannot
be explained by purely hydrodynamic two-particle interactions. The observed phenomenon must
therefore result from either

(a) interactions between three or more particles
or

(b) interactions between two spheres involving an effect other than the purely
hydrodynamic inertialess flow considered above.

While individual spheres are not displaced horizontally in purely hydrodynamic two-sphere
interactions, it is probable that they are in purely hydrodynamic three-sphere interactions [see (a)
above] due to the lack of symmetry for such collisions. However, it is not clear whether this will
(or under what circumstances this will) cause horizontal fluxes of each of the species of spheres.
What is certain is that if all sphere interactions (whether between two, three or more spheres)
are purely hydrodynamic, then the behaviour of the suspension is reversible in the sense that if
after a certain period of time, during which the particles move under the influence of gravity
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Figure 1. (a) Due to gravity forces on the spheres and to the flow field U(x,) the velocity of sphere 1 is
(v, 15, v3). (b) Situation obtained from figure la by reversing all velocities (and stresses). (c) Situation
obtained from figure 1b by reflection in x,x,-plane.

and superimposed flow U(x,), the direction of gravity and of U(x,) are reversed, then each
individual particle in the suspension will retrace its original motion in the reverse direction. That
this is so is due to the linearity of [9] and boundary conditions which determine the motion [see
Slattery (1964)]. Thus, the macroscopic behaviour of the suspension on reversing the direction of
gravity and U(x,) is the same as that of reversing the direction of time. Furthermore, such a
suspension possesses an unfading infinitely long memory, in that the effects of any such gravity
and U(x,) reversal are felt equally strongly however distant in the past such a reversal occurred.
As mentioned above, it is not certain whether purely hydrodynamic interactions can be responsible
for the finger formation observed by Weiland et al. (1984) but if they can, then a reversal of the
direction of gravity after the fingers have formed would cause the fingers to disappear (as if time
were reversed) and the homogeneous suspension to be regained. Then at a still later time fingers
should reappear.

Non-linear effects acting during the collision of a pair of spheres [see (b) above] can cause the
individual spheres to be displaced horizontally. For example, if the sphere surfaces are rough they
may make actual physical contact if at their position of closest approach (position A in figure 2)
the predicted gap between the spheres is less than the height of the dimensional surface roughness
A*. Such a roughness would physically push the spheres apart so that their orbits would be as
shown in figure 3. Thus, starting at position B, the spheres will move under purely hydrodynamic
interactions until position C, where the predicted gap between the spheres takes the vaiue A*. Then,
assuming that the roughness prevents relative motion of the sphere surfaces at the contact point,
the spheres will rotate as if rigidly attached to each other until the sphere centres are on the same
horizontal level (position D). Taking the gap between the spheres at this position as A*, the
subsequent motion may be calculated by again assuming purely hydrodynamic interactions
between the spheres. The roughness of the spheres will in general be of great importance: one need
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Figure 2. Orbits of the centres of spheres 1 and 2 during a purely hydrodynamic collision.

only note that for the case of neutrally buoyant equal-sized spheres a; = a,(=a say) in shear flow,
U(x,) = yx,, if the initial horizontal separation between sphere centres is 0.316a in the x,-direction
well before the collision [corresponding to C =0.1, B =0 in Arp & Mason (1977)] then for
roughness of the spheres to be important A*/a must be at least 9.5 x 10~ [see Table V in Arp &
Mason (1977)], which for the spheres of radius 68 um used by Weiland er al. (1984) gives a
remarkably small value for A* of 6.2 nm.

Another non-linear effect which may be of importance, particularly for small particles, is the
repulsion which may exist between particles due to electrostatic double-layer forces. This should
have an effect very similar to that of the surface roughness in pushing the particles apart
horizontally as they collide with each other. Additional non-linear effects which may possibly be
important during the collision of a pair of spheres include non-Newtonian and non-continuum
effects in the liquid, cavitation and elastic deformation of the spherical particles. Should the
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colliding particles be immiscible drops instead of solid spheres, then non-linearity is introduced due
to the deformation of the drop surfaces during the collision process.

In the present paper we consider only horizontal displacements of the spheres resulting from
two-sphere collisions with some non-linearity present. It will, however, be shown that under the
assumed condition of low solids concentration that the effects of hydrodynamic three-sphere
interactions are much smaller than those produced by the above two-sphere collisions and may
therefore be neglected.

4. HORIZONTAL DISPLACEMENT DUE TO A COLLISION

Consider the motion relative to a fixed observer of a sphere of species i (i = 1, 2) which interacts
with a sphere of species j (j = 1, 2), the centre of the latter sphere having a position vector relative
to the centre of the former which possesses horizontal components (dx,, dx,) before the inter-
action takes place (i.e. when both spheres are moving vertically under gravity and the flow U(x,)).

sphere 1

gravity

displacement
of sphere 2

displacement
of sphere 1

Figure 3. Orbits of the centres of spheres 1 and 2 during a collision of rough spheres where physical contact
is made between the spheres from position C to position D.



INSTABILITY OF SEDIMENTING BIDISPERSE SUSPENSIONS 623

sphere j

sphere i

3

Figure 4. Positions of two spheres prior to a collision.

Define the polar coordinates
ox,=rcosf, Ox,=rsin, [10]

as shown in figure 4.

As a result of the surface roughness of the spheres (or of some other non-linear effect), the centre
of sphere i after the interaction (when both spheres are again moving vertically) will be displaced
a distance Ax, in the x,-direction, which will be denoted by F;;. If %, is the value of x, at the initial
position (before the collision) of the centre of the sphere i we may expand the undisturbed flow
field U(x,) in the neighbourhood of the spheres as

) du . A 1 {d*U . .
U(x|)=U(x|)+{d_xl(x1)}(xl_x|)+a{m(xl)}(x1—x1)2+"'- [t1]
Thus, F; for i =1, 2 and j = 3 — i must be a function of
dU d*U
r’G’A*’alaaZsVlsVZs?‘?l’d_xf,----

The uniform velocity U(X,) does not appear since it may be eliminated by translating the observer
with that velocity. We now use dimensional analysis and also make use of
dU U,d0 dU U,d0
T 7T a9 a3 730 etc., [12]
dx, L d¥°~ dx; L*dx}
obtained from [7] and [8], in order to obtain the functional form for Ax, shown in table 1.
Here (V, — V) rather than ¥, or ¥, has been used to non-dimensionalize U’ since, by doing so,
the subsequent analysis is simplified. For the interaction between a pair of spheres due to
sedimentation alone (with U(x,) = 0), the value of Ax, is denoted by F,, and has the functional
form shown in table 1. Results are not given for Fy, for i =j =1 or i =j =2, since identical
spheres on sedimenting keep their same relative positions (Goldman et al. 1966) so no collision
will occur.
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Table 1. Functional form of Ax, for sedimentation and flow and also for sedimentation alonet

i J Form of Ax, for sedimentation and flow
] ) Ax, -F "o A* aq £ (a, +a,)U, o (@, + @)U, G
a+a, Na+a, a+aa’ V, LV,=V) “LAV,-V)
5 . Ax, —F -F r_ g A* g Vi (@ t+a)l, o _(a,+a2)2U0 ~
a+a, 2 N\a +a,’ ‘atay eV, LV,-V) T LA(V,—V)
Ax r A*
1 1 —=F,=Fy| —.0,—, +1, , 0, ...
20, -~ fu=Ful 55050 +1 1 0, 0,
Ax r A*
2 2 e Fp=Fpl . 0,—, +1, +1,0, o, ...
2a, 2 I2(2{12 2a, * ®
i j Form of Ax, for sedimentation alone
Ax r A* V.
I 2 e Fipg=Fy| ——.,0,——,% .2 00,...
a+a a,+a, a+a, a V|
Ax r A* v
2 1 = Fpy=Fpf ——,0—— % " o0,
a, +a, a+a a+a a, V,
a0 &0
0 =25, 0= et
=% a ¢

For pure sedimentation, the collision between a sphere 1 and a sphere 2 must, be symmetry, result
in each sphere being displaced in the radial r-direction so that Ax, for each sphere must be
proportional to cos §. Thus, Fj,, must be of the form

r A* o V,
a|+az’a|+az,a|,V1'

Flpg=cos 8- Glst< (13]

5. PROBABILITY DISTRIBUTION OF Ax,

Assuming that the sizes of the two species of sphere are of the same order of magnitude (i.e.
|a,/a,| is neither very small nor very large compared with unity), we note that the typical time
for a collision between spheres [=min{a/ | V,— ¥, |, 1/ | U’ )] is very much smaller than the typical
time between collisions [=min(ac ~'*/|V, — V,|, ¢='*/|U’|)]. Here and elsewhere, a and c¢ denote
characteristic values of particle radius and concentration and primes denote differentiation with
respect to x,. Thus, in any time interval Ar satisfying

) a 1 . ac™'? 78
mm(!VZ—Vll’lU'|)<At<mm<|Vz—VlHU') 1
the probability of any sphere undergoing more than one collision is very small, so it will be assumed
that a sphere undergoes either no collision or just one collision. In addition, any collision that
occurs may be considered complete so that sphere displacements in the x,-direction are as described
in the previous section.

We consider now a sphere of species 1 with centre initially at position x, = %, and calculate the
probability distribution p(Ax,) of its displacement Ax, in the x,-direction in the time At. In this
time interval the sphere either undergoes no collision (giving Ax, = 0) or it collides with a sphere
2 or with another sphere 1. However, it will be assumed that the concentrations ¢, and c, of the
two species of sphere are of the same order of magnitude (i.e. ¢,/c, is neither very small nor very
large compared with unity) and that in some sense (to be discussed later) the effects of particle
sedimentation dominate over that of the shear U’(x,). Since spheres of the same species have no
relative motion when undergoing pure sedimentation it is seen that under the above assumptions
the velocity of approach to the sphere 1 by another sphere 1 is very much lower than that of a
sphere 2. It therefore follows that in the time At there is a much greater probability that the sphere
1 under consideration will collide with a sphere 2 rather than another sphere 1. It is this situation
which we will consider in the present paper. Thus, we assume that either the sphere 1 undergoes
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no collision or a collision with a sphere 2 in the time Ar. The inclusion of the effects of collisions
with another sphere 1 (which would be important for ¢; » ¢, or for large U’(x,)) will not be
considered here. It is shown in the appendix that under the conditions of low concentration
considered here that the horizontal movement of particles due to purely hydrodynamic interactions
between three or more spheres may be neglected.

If the centre of the sphere 1 is at x, = X, before the collision with a sphere 2, the centre of the
sphere 2 will be at x, = £, + r cos 0, x, = r sin 8, as shown in figure 4. The velocity of the centre
of the sphere 1 before the collision will therefore be {U(%,) + V,} downwards, while that of the
centre of the sphere 2 will be {U(%, + r cos 8) + V, }. However, since U should be considered having
the form [8), we should write the velocity of sphere 1 as {U,U(¥,) + V,} and that of sphere 2 as
{U,0(%, +r/L cos 8) + V,}, where %, =%,/L. The magnitude of the velocity of the sphere 2
relative to the sphere 1 is thus | Uy {U(%, + r/L cos §) — U(%,)} + ¥, — V,|. The number density of
the spheres 2 at x = X, + r cos 8 is n,(X, + r/L cos 0) so that in the time Az the number of spheres
crossing a horizontal plane (X, fixed) and approaching the sphere 1 for r, 8 lying in the range
(r,r +dr) and (8,6 +df) is

rAtdrdf. [15]

p(r,0)dr d8 = nz(f, +£ cos 0>

Uo{(7<f, +£ cos 0) — U(;?,)}Jr V,—V,

As a result of such a collision the displacement Ax, of the sphere 1 in the x,-direction is given by

A
= =F12( ——.6,.. ) [16]
a +a, a+a,
as indicated in section 4. If for any fixed 6, we solve this equation for r/(a; + a,) in terms of
Ax, /(a, + a,), we will obtain
A
r =p;~2< il 0) [17
a +a a +a,

Changing from the (r, 8) variables in [15] to (n, 6) variables, where

_ Ax
(ai+a)’
so that r =(a, + a,)F¥%(n, 0, .. .), we obtain the probability distribution p(n,8) of n and 8 as

p(n, 0) = nz[f, + (“‘ “LL “2>F,*2 cos 9] Uo{ ﬁ[ﬁ. + (“‘ Z “Z)Frz cos 0] — 17(:?,)}

+V: =V

n [18]

Ft,

on

(a, +a,)’F} At [19]

where we have used the result
a(r,8) oF}
o(n,0) on

If this is integrated with respect to 6, we obtain the probability distribution p(n) corresponding
to the change Ax, in x, for the sphere 1 in the time interval Az as

2n
p(n)=J n2[§1+<a'zaz>F;"2cosﬂ] UO{U[JE.+(0'ZGZ) ;"zcose]— U(ff,)}
0

*
12

=(a, +a;) [20]

+ V.=V

(@ + a,)F%, 55 At de. [21]

Since by the assumptions [4], (a, + a,)/L is very small, we may expand terms in the integrand of
[21] as

. " . 2
nz[x, + (“' JLF “2)F,*2 cos 9] ~my(F) + (“‘ + "2)F;5 n5(%,)cos 6 + O (ﬂfﬁ) [22]

L L



626 R. G. COX

Uo{ﬁ[£,+<" T )F cos9:|—(7(fl)}+ VZ—V,‘

a,+a
L

2
~| V- V| + Uo( 2>F1“2 cos 80 (%, )sgn(V, — V,) + O ("' JL’“Z) , 23]

where, for [23] to be valid, we require that

(@, +a,)U,
<1, 24
L|V,— V| [24]

where U is a characteristic value of the velocity U(x,). Substituting the expansions [22] and [23]
in [21] we obtain

3 4
o) = e axf 807G ) + 52 Adtf ) + Ao + 0 ). s
where A )
fiG) = "2()21)‘ V,—
fz()?l) = Uo"z()?l)U’()?l )sgn(V, — V),
fHE)=mE)V,— Vi, [26]
and
= * 8F|2
gl(’?)"j0 F{|l— an dé
and
&) = f " | 2 cos 0 an 27]

As a result of the assumptions [4] and [24] it is seen that F},, given in table 1, may be expanded

to give
v (a; +a)Uy ~, ~ r (@ + a,)'U,

=F, ,0,... —_— U —_0,... O ———— 28
1 Izm( +a, >+L(V2—V1) ]2<a,+az )+ (LZ(VZ'—VI) (28]

or, by [13],

r (a,+a)U; ~, = r

= —— = U'Fj,| ——,0, ... 29
n= COSOGlzsd( ra >+L(V2—V]) lz<a|+az’ >+ [29]

The first term in [29] represents the sphere displacement due to sedimentation alone, while the
second term gives the correction due to the shear flow. As a result of the linearity of the creeping
flow equations [9] and symmetry it may be shown (see figure 5) that the additional sphere
displacement due to the shear is the same if 8 is replaced by (x — 8). Thus, F,, in [29] is unchanged
if 6 is replaced by (x —8), i.e.

~ r r
,m—0,.. F ,0,... ). 30
Flz(a,-{-az n ) xz<a1+ 2, ) [30]

Due to sedimentation alone

n r
— = —_ ), 1
cos @ G'M(a,+a2’ ) B1]

which we suppose may be solved for r/(a, + a,) to give

P _ox " 32
a +a G'M(cos()’“')' 32]
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Figures 5(a)~(e). The figures show the behaviour of the motion of the sphere 1 as it interacts with

the sphere 2 in the presence of the shear. (a) Due to the shear flow suppose the additional velocity of

sphere 1 is v as shown. (b) Situation obtained from figure 5(a) by reversing all velocities (and stresses).

(c) Situation obtained from figure 5(a) by rotating through = about the x,-axis. (d) Situation obtained

from figure 5(b) by reflection in the x, x,-plane. (¢) Situation obtained from figure 5(d) by rotating through
n about the x,-axis.

Then solving [29] for r/(a, + a,), we obtain the value of F} correct to order (a, + @)Uy /L(V, — V)

as
" (@+a)l, U « n "
- F * A DY */ —— LRy .‘
Sd(cos 0) L(V,—V\)cost I2<Glm(cos 9>’ % )Glm(COS 0>+ B3]

We thus obtain, by expanding |6F ) /611[ in terms of [(a, + a,) U, I/[L(V, — V)],

*7 n *7 n
_ Gl <_—cos 0) (@, + a)U, O Sgn{Glzm <—_'cos 0)}
" cos 8] L(V,—V,)cos 8 sgn(cos 6)

d |~ n n
— * PR */ - e
3 [F,Z(G.M(cos 9>, 0,.. ‘)G‘st(cos 9>}+ . 134

In [33] and [34] above primes denote differentiation with respect to the first variable listed so that

_ oG¥%
G, ..)= 51'2“'
n

*

Ft =G}

N

OF%,
on

By substituting the values of F} and |6F ) /6;1| given by [33] and [34] into [27], we obtain

(@ +a)U, ~

gl(n)=g|o(n)+mU’gn(n)+-" [35]
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and
(a, +a2)U0)
= + 0| ————, 36
8:(n) = gn(n) (L(Vz V) [36]
where
2n
Gﬁ;"(cons 0)’ n
= N G
800 = | " ocg] Glm(cos e)de, [37)
2n ;7
*/
o Sgn<Glzsd<—‘cos 0))
guln)= . lcos()l
—_ * n */ " r * i
X dn [GIZSd(cos 0) Ist(cos 0) FIZ(Glst(cos 0>, o,.. )] dé [38]
and

2n 2
" AN
gxn(n) = L {G rzw<m)} G?‘zm(m) sgn(cos 6) do. (39]
Thus, the value of the probability distribution p(n; ¥,) of # (corresponding to a displacement

Ax, in a time interval Ar) for a sphere 1 with centre initially at %, = %, is given by [25], [35] and
[36] as

(a,+a,)U,

Z(V—z——VS U'(x)fi(X)gn(n)

p(n; %) =(a, + a,* At {fl(fl)gm(’?) +

+ (a] Zaz)mo%l) + D] gnm) + - } [40]

If we write
ﬁ=—r’9 é=7'l.'—0

and change from the (3, 6) variables to (7, §) variables in [37]-{39] and make use of result [30], we
obtain

go(—1) =g(), (41]
gn(—n)=—gu(n) and gyu(—n)= —gn), [42]

so that g, is an even function of 5, while g,, and g,, are odd functions of 7.

6. MACROSCOPIC EQUATIONS

In order to obtain the macroscopic equations for the volume concentration ¢, (%,) of the spheres
of species 1, we consider the transport of spheres 1 into and out of a volume of the suspension
in the form of a thin slab £, < %, < £, + d#, with unit cross-sectional area in the %,%,-plane. In a
time Ar the number of spheres of species 1 leaving such a volume is

- -~ +@© ”~
nl(il)dflj‘ p(n; x,)dn, [43]

n=-w

while the number of spheres 1 entering the volume from outside is

+x 2 a+a 2 a+a 2
j p(n;x.—( 'L 2>n>nl[x|—('—L—2>n]dxl dn. [44]
n=—o
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Thus, the increase An,(%,) of n,(%,) in the time At is given by

A= {p(n;f.—(“‘Z“Z)n)nl[ﬁ—(“‘Z“Z>n]—p(n;f.)n,<ﬁl>}dn. [45]
N=—o

Since (@, + a,)/L < 1, the integrand may be expanded to give

2 a+a . [® ) o
Am (%) = —(f)[nl(xl) 15z (1; %) d
n=—00 1

0

+"i(§|) '1P(’1;§1)d’7j|

f=—c

1 /a, +a,\? PO , 0%
+§( — 2) [nl(x.) e Edn

lﬁ

D
—-N

1 (& ® 0 2
+2ni(X,) nza—g(n;x.)dn

n=—co
oo}

- - a+a,\’
niG) [ wpergyan [+, [

n= -

where, for example (9p/0%,)(n; £,) means the partial derivative of p(n; X,) with respect to %,
evaluated at %, = X,. If the value of p(y; X,) given by [40] is substituted into [46}, we obtain an
equation, which when divided by A¢ and the limit At —0 taken, yields

on, (al+a2)4 0 U, ~ *
_ ’ d
5 I 8% ViV, n U'f, L Tendn

i) [T ngmdn £ 3+ nif) nzgmdn+'--], [47)

n=-o n=-o

where we have used the result, obtained from [41], that

f ngiwdn =0. [48]
n

In [47] we have also replaced ¥, by the general value %, of the coordinate. Substitution of the values
of f,, f; and f; given by [26] then yields the macroscopic equation for », (%, t) as

on, (a+a) 0
B L)t + AU m sV~ V)

+ Brmns Vo= V| + Eunsy+nin)|V,— Vi|+--1, [49]
where
a¥ = —f ngudn, B¥= ~f ngxdn and vi“=+j ng dn. [50)
n=—-x = —w n=—~x

If we write [49] in terms of the volume concentrations ¢, and ¢, of the two sphere species using
[2] and change to dimensional variables using [7] and {8], we obtain

dc,

ou
Fn _kla l:(“]‘f'ﬂ )CICZa sgn(V,— V) + Bt ZIVZ |

Cla

Oc oc
(a2t m-nl+e] o

MF 16/4—F
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where k, = 3(a, + a,)*/4na} is a constant. The values of af, B and y}¥, obtained by substituting
the values of g0, g;; and gy given by [37H{39] into [50}, are

) i g , ;1
. n sgn| Gy cos B
1

= |cos 8|

o
n=—x 8=0

d 1 URY n
- * *7 *
> an [G'z“’ (cos 0)6'2“'(cos B)F'Z(G”‘d<cos 0)’ 0, )] dn dr,
0 27 2|
* — __ %* ,1 *7/ "
B L=_®L=o"{6lm(0059)} Glm(cos())

E's 2n G*’ r’
1254} ‘cos 4

”2
~ Jcos 8]

sgn(cos 8)dn df

and

~<
—*
It

P
N Glm(cose)d” de, [52]

which may be further simplified by changing the integration variables from (1, 8) to (¢, 8), where

£ is defined by
= * ———rl
¢ =Gl <cos 9)

or

= Gia(©), (53]

and thus represents the quantity /(a, + a,). Thus, we obtain

o 2n
af = — f EF (¢, 0) dE db, [54]
¢=0Jo=0
f* 0
p¥=—n= c_oﬁansd(é)dé [55]
and
p=tn | EGmaOr s (56

where integration by parts with respect to ¢ has been used in order to yield [54]. By inter-
changing the roles of the spheres 1 and 2, we see that the macroscopic equation for ¢, in dimensional
variables is

de, 0

_=k257€_1

oU
ot [(af +ﬁ;)clczggSgn(V1 - V)

oc oc dc
+ B | Va— V| + it taz= | Va= Wil +-- |, 15T)
ox, ox, 0x,
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where k, = 3(a, + a,)*/4na3 is a constant and where

-
af = —Lo e=o§F2](é, 6) d¢ de, 58]
pr=-n|  EGuu@dl (59
and _
1=t | P (60]

and from table 1 (and [29))
A¥  a V A* a, V.
Gm(é—~— — ‘) G.ZSd(c—— = 2) [61]

a+a’'a’ vV, a+a’a’V,
and
A* a V, A* a V2
F. 0, —— 0, —— 62
2'<é a+a, ay Vz> (é a+a’ a Vl [62]

In addition to the two non-linear coupled diffusion equations, [51] and [57], which we have
derived for ¢, and ¢,, we must also consider a vertical momentum equation since the variation of
c; and ¢, with x, will in general result in mean density variations of the suspension in the x,-direction
which would affect the flow field U(x,, t). A unit volume of the suspension contains n, spheres 1,
each of mass 4nalp, /3, and n, spheres 2, each of mass 47a3p,/3. Thus, the macroscopic density
of the suspension is

p +imai(p, — p)m +3na3(py — p)ny,
which by [1] and [2] may be written as

OufcV, oV
+.“<1 1+222>.
2g as

Thus, if P is the pressure, the momentum equations on the macroscopic scale are

0:U 9V, oV, 10U
—_— A—+=—")=-— 63
ox? K+2<a$ al v ot [63]
and
oP
— = 64
0x, 0, [64]
where

oP
k=2 <6x3 pg)

and v = u/p is the kinematic viscosity of the fluid. Since, by [64], P is independent of x, it follows
that in [63] K can be only a function of time ¢. The inertia term has been included in [63] since
the Reynolds number based on the macroscopic length scale may possibly be of order unity or
larger.

The diffusion equations [51] and [57] together with the momentum equation [63] constitute a set
of three partial differential equations for the concentrations ¢, and ¢, and the velocity field U. It
should be noted that in deriving [S1] and [57] it was assumed that the time for a particle collision
was very much smaller than the time over which macroscopic quantities vary. That this is indeed
so in general, is seen by noting that the particle collision time (or order a/ ] V,—V, |) is very much
smaller than the characteristic times predicted from [51] and [57]. However, shorter times could
occur in the flow field (given by [63]), particularly if such a flow were to be produced by the
impulsive motion of solid boundaries.
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7. PHYSICAL INTERPRETATION OF THE RESULTS

From the macroscopic diffusion equation [51] for ¢,, it is observed that the flux J, (i.e. the volume
of spheres crossing unit area per unit time) of spheres 1 in the positive x,-direction is

ouU dc
Ji = ~k|[(a?+ﬂ?)C|Cza—MSgn(V:~ Vl)'*‘ﬁfcla—lein“ VII
de, dc,
+%’)}?‘<CIEX-I+CZE>|V2—V||+'..:|. [65]

In the light of the derivation of this expression, given in sections 5 and 6, we will give a physical
interpretation of each of the terms appearing in [65]:

(i) The flux —k,{afc,c,(@U/0x)sgn(V, — V,)] is a convective flux of the spheres 1
resulting from the adjustment to the orbits due to the small shear flow which
is present. This is shown in figure 6, from which it is observed that, at least for
the case shown, F,, is negative, giving (see [54]) af > 0, with the flux being in
the negative x,-direction (for V, > ¥V, and dU/dx, > 0). However, there may
possibly be situations for which af is negative.

(ii) The flux —k,[B¥c,c,(0U/ox,)sgn(V,— V)] is a convective flux of spheres 1
resulting from sedimentation alone and is due to the fact that the collision

Flux of spheres 1‘

¢.—=——.

gravity

\

sphere 2
~initial position

orbit for sedimentation

orbit corrected for shear

Figure 6. Flux of spheres 1 resulting from the disturbance of the orbits due to the shear flow.
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gravity I |

l sphere 2
lgy - initial position
|
||

l

sphere 1 orbit

(a)

///, Lower frequency of spheres 2

\\\T\\‘\$\\\\l\\\\L ‘-/,Higher frequency
L IN
(B) I (A)

sphere 1
/
displacement due to (A) displacement due to (B)

-

Net flux of spheres 1
(b)

Figure 7. (a) The orbit of sphere 1 due to sedimentation alone. (b) Flux of spheres | resulting from a higher
collision frequency with spheres 2 on the downflow side (if V, > V).

frequency with spheres 2 is higher on the upflow side (if sphere 1 is the less dense
sphere, i.e. V,> V) (see figure 7).

(iii) The flux —k,[(B} + 37¥)c,(8cy/0x,)| V, — V,|] is a flux of the spheres resulting
from sedimentation alone and is due to the fact that the collision frequency with
spheres 2 is higher on that side of sphere 1 where the concentration of spheres
2 is higher (see figure 8).

(iv) The flux —k,[;7¥c,(8c,/0x,)| V, — V|1 is a diffusive flux of spheres 1 from high
to low concentrations of the spheres 1 (since, by [56], y¥ is strictly positive) and
is due to the random displacements they undergo as a result of their collisions
with spheres 2 as they sediment.

While y¥ is always positive, the signs of a¥ and B¥ are uncertain. Although the situation
indicated in figure 7 shows G,,4(¢) as being negative (and hence the value of B} from [55] as
positive), the interacting particles will in general experience a lift force which can result in a net
horizontal displacement of the particles (especially if ¥, and ¥V, are of the same sign) for which
G24(&) may be positive (leading to a negative value of g¥).
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It is observed from [65] that a flux of spheres | can be generated by either (a) a shear flow, (b)
a gradient in concentration of spheres 2 or (¢) a gradient in concentration of spheres 1. While the
flux due to the gradient in concentration of spheres 1 is always from high to low concentrations
of spheres 1, the flux due to a gradient in velocity or to a gradient in concentration of spheres 2
may be in either direction (depending on the values of «f, S and y?¥).

For the special situation of equal-sized spheres (a,/a, = + 1) which sediment with equal speeds
but in opposite directions (V,/V, = — 1) and which are very rough [A*/(a, + a,) is not too small],
the interaction between a sphere 1 and a sphere 2 can be approximated by the motion shown in
figure 9 in which sphere 1, on reaching the same horizontal level as sphere 2, continues to move
vertically as if sphere 2 has a negligible influence. Since, by symmetry, the horizontal displacement
of sphere 1 in space is one-half its horizontal displacement relative to sphere 2, and since (r, 8)
describes the horizontally projected initial position of the centre of sphere 2 relative to that of
sphere 1, it follows that

Flz(é, 9) = 0’
1
—11-¢ for0<E<I,
o o 66
12sd (é) {0 otherwise. [ ]
Then from [54}-{56],
- s

af =0, ﬂ?‘:ﬁ and )’T:R' 7

In addition, from [61] and [62], we see that G,y = G, and £y, = — F, so that equations [58]-[60]
yield

n n
af =0, B;=—271 and V?=4—8- [68]

This means that for V, > V| there is, due to a velocity gradient, a flux of spheres 1 (the slower
sedimenting particles) towards the upflow and a flux of spheres 2 (the faster sedimenting particles)

v c,
/ of spheres 2
Lower frequency
of spheres 2 I
(B) I (A)
sphere 1
-initial position
T %
displacement due to (A) displacement due to (B)
e———

Net flux of spheres 1

Figure 8. Flux of spheres | resulting from a concentration gradient of spheres 2.
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sphere 2

sphere 1

gravity

Figure 9. Approximate motion of very rough spheres for the situation where a,/a,= +1 and
V,Vy=—1.

towards the downflow. In addition, due to a concentration gradient of spheres 2, there is a flux
of spheres 1 from high to low concentrations of spheres 2.

8. SUSPENSION STABILITY

We consider a bidisperse suspension which is initially at rest and contains a volume concentration
¢io of spheres 1 and a volume concentration c,, of spheres 2 and examine its stability to a small
sinusoidal disturbance to the concentrations in the horizontal x,-direction. As a result of such a
disturbance a small sinusoidal flow U(x,) will be generated. Thus, we take

1 =cio+ €cy; & e,

€y = Cy + €Cy eﬁ' e'*",
U=eU, e ek, [69]

where k is the wavenumber, j is the growth rate of the disturbance and ¢ is a small parameter.
Substituting these values into [51], [57] and [63] for ¢,, ¢, and U and neglecting terms of order ¢
and smaller, we obtain a set of three homogeneous linear algebraic equations for ¢,,, ¢, and U,.
The condition for a non-trivial solution then yields the characteristic equation

=~ 2
Ak"’(————l V2’_’ 7 |> +(B+Ck? (Wzi—‘ﬁl) +(DR+E)=0 [70]
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for the value of j, where

1 VTN )
A=——, B=— + s
kikycigcy 2<kzc|0 kicy

C

9 v V.
=2(V2_V1)[?;f(“r* klég(“?Jrﬁ?)], D =—(B¥Br+iBty¥+iByY)

and

9 Vll
E=K%_VJ{ %Kz+ﬂﬂw*2%)+ﬁﬂm+ﬁ)]

V2 20

2t + 1P + ;y+wrw;+ﬂnﬁ.[ﬂ1

For simplicity the inertia term involving U /0t in [63] has been omitted. Solving [70] for the growth
rate p, we obtain
- kz
—P % [_B— k24 {(B*—44D) + k2BC —44E) + k*C?}'"?], [72]
V,—V,| 24
with the suspension being stable for disturbances of the type [69] if the real parts of both values
of j are negative Yk > 0. Otherwise, if the real part of either value of p is positive for any k > 0,
the suspension is unstable. From an examination of the values of p given by [72], it is therefore
observed that, since 4 and B are always positive, the suspension is stable iff

C>0, D>0 and E>0. [73]

For the example given in section 7, for which ¢,/a,= +1 and V,/V,= —1, if the values of
af, B¥,y¥ etc. are as given by [67] and [68], then

n? n? 11
=Tmaa. o BE=rma |t
144aic gcy 1152a,\¢), ¢y

n’ n?
= ~aa = 354
and
3 2
E= Gy === (€10 + ), [74]
so that the suspension is unstable with growth rate p given by
P=LR{—s + 18K "+ [(s* + 96) + 180sK~' + 324K~ 7'}, [75]
where
4p K= @Ky and s=S10t 0 (76}

= ’
C10c20|V2_ Vll ~/ Cl0€20 A/ C10€C20

For the bidisperse suspension used in the experiments performed by Weiland et al. (1984), for which
a=a,=70pum, V,= —V,~0.06cms~" and ¢;, = c;, = 0.17, we see that for K < 6 (corresponding
to a,k < 1) the growth rate 5 does not change very much with wavenumber k, having a value for
all disturbance wavelengths of approx. 1.0s™'. This would seem to agree with the experimental
observations that irregular columns were observed at times of order 3s after the start of
sedimention. However, it should be mentioned that for wavelengths 0.3 cm, for the fluid used
(v = 0.05cm?s~") the results would be modified by the inertia term in [63] which was neglected.

9. CONCLUSION

By taking into account two-particle interactions in which the particles make physical contact with
each other, it is possible to examine the sedimentation of particles in a bidisperse suspension
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consisting of two different species of solid spheres suspended in a fluid. Such particle interactions
can result in the particles being moved horizontally as they sediment. By writing continuity
equations for each species of particle it is possible to obtain the macroscopic equations [51] and
[57] for the volume concentrations ¢, and c, of the two species of particles. Only the situation in
which ¢,, ¢, and the mean vertical velocity U of the suspension vary with one horizontal coordinate
x, and with time ¢ has been considered. These equations, [51] and [57], are macroscopic non-linear
diffusion equations in which a horizontal flux of one species can be generated by either a horizontal
concentration gradient of that species, a horizontal concentration gradient of the other species or
by a horizontal gradient of the vertical velocity U. In addition, to solve for ¢,, ¢, and U one must
use the macroscopic vertical momentum equation [63].

The stability of an initially quiescent homogeneous bidisperse suspension was then examined on
the basis of these equations, [51], [57] and [63]. The growth rate j was determined for a small
sinusoidal disturbance (in ¢,, ¢, and U) with wavenumber %k in the horizontal x,-direction. In this
manner, the necessary and sufficient conditions for stability ([73]) were obtained. An approximate
analysis was done for a specific example for which it was shown instability should occur. The order
of magnitude of the growth rate obtained for this example agree with the experimental results of
Weiland et al. (1984). In addition, it should be noted that since the growth rate was found to be
of order ¢, ¢, it would be difficult to observe the instability at the low concentrations for which the
present theory is valid. Indeed, an analysis by Batchelor & Janse van Rensburg (1986) of
experimental results indicated observed instability only for ¢,c, > 6 x 107>, Should the radius a,
of one type of particie, species 1, be much larger than that of the other, species 2, i.e. a,/a,> 1,
then the particle of species 2 will merely move along the streamlines around the particle of species
1. Thus, no solid—solid particle contact will occur, resulting in C, D and E in [71] all being zero,
implying that the suspension would be neutrally stable. This agrees with the experimental results
of Batchelor & Janse van Rensburg (1986) of no observable instability for such a case.

An alternative explanation of the instability of sedimenting bidisperse suspensions was presented
by Batchelor & Janse van Rensburg (1986), in which they considered variations of ¢, and ¢, in only
the vertical direction and wrote continuity equations for each particle species, assuming certain
relationships between the sedimentation velocities and the particle concentrations ¢, and ¢,. In this
manner they were able to show that the suspension, under certain conditions, could be unstable
to small variations of ¢, and ¢, in the vertical direction.

At the present time, it does not appear to be possible to say whether the mechanism considered
in the present theory or that considered by Batchelor & Janse van Rensburg (or possibly some other
mechanism) is responsible for the initial instability of a bidisperse suspension. The experiments of
Weiland ez al. (1984) indicate the formation of wide vertical streaming columns, whereas those of
Batchelor & Janse van Rensburg (1986) indicate a fine-scale grainy appearance immediately after
the start of sedimentation. The latter grainy appearance would then slowly develop into either
“blobs’ or into vertical streaming columns, depending on the system being examined. Thus it
would appear, at least in some situations, that the initial instability is of a three-dimensional nature.
However, the present theory does present mechanisms [particularly mechanism (ii) described in
section 7] which can result in the maintenance and amplification of the vertical streaming columns
once they are formed, despite diffusive effects [such as mechanism (iv) described in section 7).
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APPENDIX

For the close collisions of spheres with non-hydrodynamic effects (such as solid-solid contact)
considered here, the time between collisons is of order (a/cV) whilst the displacement of spheres
due to such a collision is of order a. (Here a is a characteristic particle size, ¥ is a characteristic
sedimentation velocity of one particle relative to another and ¢ is a characteristic particle
concentration.) This results in a horizontal velocity V¥, and diffusivity D of the particles, where

Vi~eV and D ~caV. [A.1]

However, spheres can also be transported horizontally by three-particle hydrodynamic collisions.
Such encounters of three particles in which they are of distances of order a apart occur for a given
particle only at times of order (a/c?V) and result in a displacement of order a. Hence they resuit
in values of V, and D of order

vo~c’V and D ~c%aV. [A.2]

If the three-particle interaction is such that two of the particles (A and B say) are at a distance
of order a apart whilst the third particle (C say) is at a distance of order / = ¢ ~'?a from particles
A and B (/ being the mean interparticle distance in the suspension), then A and B induce a velocity
at C (and vice versa) of order Va/l = ¢'” V for a time of order a/V (the interaction time for particles
A and B). Thus, displacements of order ¢'? a are produced in times of order (a/cV) (the time
between close interactions for two particles). Hence, such interactions result in values of vy and D
of order

v,~c**V and D ~c*aV. [A.3]

Should the three-particle interactions be such that particles A, B and C are at a distance of order
[ apart, then particle B experiences an additional shear flow of order (Va/l?) due to the disturbance
flow of particle A. Thus at sphere C, this produces an additional disturbance velocity due to particle
B of order (a*V/I*) = ¢** V. Thus, in the interaction time of order (//V)=c~'?a/V, particle B
moves a distance ca. Hence, such interactions results in values of v, and D of order

vy=c®V and D ~c"aV. [A.4]

We note that the values of v, and D given by [A.2]-{A.4] for three-particle hydrodynamic
interactions are all much smaller (for ¢ < 1) than the values given by [A.1] for two-particle
interactions with non-hydrodynamic effects and, as such, it is valid at lowest order to neglect the
effects of three-particle hydrodynamic interactions.



